The effective theory for baryons with combined 1/N c and chiral expansions is analyzed for non- 
The low energy effective theory for baryons is a topic that has evolved over time through several approaches and improvements. The early version of baryon Chiral Perturbation Theory (ChPT) [1] evolved into the various effective field theories based on effective chiral
Lagrangians [2] [3] [4] , starting with the relativistic version [5, 6] or Baryon ChPT (BChPT), followed by the non-relativistic version based in an expansion in the inverse baryon mass [6, 7] or Heavy Baryon ChPT (HBChPT), and by manifestly Lorentz covariant versions based on the IR regularization scheme [8] [9] [10] . In all these versions of the baryon effective theory a consistent low energy expansion can be implemented. The most important issue, which became apparent quite early, was the convergence of the low energy expansion. Being an expansion that progresses in steps of O(p) in contrast to the expansion in the pure Goldstone
Boson sector where the steps are O(p 2 ), it is natural to expect a slower rate of convergence.
However, a key factor with the convergence has to do with the important effects due to the closeness in mass of the spin 3/2 baryons. It was realized [? ] , that the inclusion of those degrees of freedom play an important role in improving the convergence of the one-loop contributions to certain observables such as the π-N scattering amplitude and the axial currents and magnetic moments. There have been since then numerous works including spin 3/2 baryons [11] [12] [13] [14] [15] [16] [17] [18] [19] . The key enlightenment resulted from the study of baryons in the large N c limit of QCD [20] . It was realized that in that limit baryons behave very differently than mesons [21] , in particular because their masses scale like O(N c ) and the π-baryon couplings are O( √ N c ). These properties were shown to require for consistency, that at large N c baryons must respect a dynamical contracted spin-flavor symmetry SU (2N f ), N f being the number of light flavors [22] [23] [24] [25] , broken by effects ordered in powers of 1/N c and in the quark mass differences. The inclusion of the consistency requirements of the large N c limit into the effective theory came naturally through a combination of the 1/N c expansion and HBChPT [26] , which is the framework followed in the present work. The study of one-loop corrections in that framework was first carried out in Refs. [26] [27] [28] . In the combined theory one has to deal with the fact that the 1/N c and Chiral expansions do not commute [29] . The reason is due to the presence of the baryon mass splitting scale of O(1/N c ) (∆ − N mass difference), for which it becomes necessary to specify its order in the low energy expansion. Thus the 1/N c and Chiral expansions must be linked. Particular emphasis will be given to the specific linking in which the baryon mass splitting is taken to be O(p) in the Chiral expansion, and which will be called the ξ-expansion. Following references [26] [27] [28] , the theoretical framework is presented here in detail, in particular the power countings, the renormalization, and the linked 1/N c and low energy expansions, along with observations that further clarify the significance of the framework.
The very significant contemporary progress in the calculations of baryon observables in lattice QCD (LQCD) [30] [31] [32] opens new opportunities for further understanding the low energy effective theory of baryons. The determination of the quark mass dependence of the various low energy observables, such as masses, axial couplings, magnetic moments, electromagnetic polarizabilities, etc., are of key importance as a significant test of the effective theory, in particular its range of validity in quark masses, as well as for the determination of its low energy constants (LECs). Lattice results for the N and ∆ masses [33] [34] [35] [36] [37] [38] [39] [40] and the axial coupling g A of the nucleon [41] [42] [43] [44] [45] [46] at varying quark masses are analyzed with the purpose of testing the effective theory presented here. This in turn can give insights on LQCD results, in particular an understanding on the role and relevance of including the spin 3/2 baryons consistently with large N c requirements.
This work is organized as follows. In Section II the framework for the combined 1/N c and HBChPT expansions is presented. Section III presents the evaluation of the baryon masses and Section IV the one for axial couplings at the one-loop level. Section V is devoted to applying those results in the ξ-expansion to LQCD results. Finally, Section VI is devoted to observations and conclusions . Several appendices present useful material used in the calculations, namely, Appendix A on spin-flavor algebra, Appendix B on symmetries, Appendix C on the construction of effective Lagrangians, and Appendix D on useful matrix elements of spin-flavor operators.
II. FRAMEWORK FOR THE COMBINED 1/N c EXPANSION AND BARYON

CHIRAL PERTURBATION THEORY
In this section the framework for the combined 1/N c and chiral expansions in baryons is presented in some detail along similar lines as in the original works [26] [27] [28] . The symmetries that the effective Lagrangian must respect in the chiral and large N c limits are chiral
is the number of light flavors, and in this work N f = 2. In the limit N c → ∞ the spin-flavor symmetry requires baryons to belong into degenerate multiplets of SU (4). In particular, the ground state (GS) baryons belong into a symmetric SU (4) multiplet, which consists of states with I = S, where S the baryon spin and I its isospin. At finite N c the spin-flavor symmetry is broken by effects suppressed by powers of 1/N c , and the baryon mass splittings in the GS multiplet are proportional to (S + 1)/N c . The effects of finite N c are then implemented as an expansion in 1/N c at the level of the effective Lagrangian. Because baryon masses scale as proportional to N c , it becomes natural to use the framework of HBChPT [7, 47] , where the expansion in inverse powers of the baryon mass becomes part of the 1/N c expansion.
The framework presented next follows that of Refs. [26, 27] .
The non-relativistic baryon field, denoted by B, consists of the symmetric spin-flavor SU (4) multiplet with states I = S, S = 1/2, · · · , N c /2 (N c odd). Chiral symmetry is realized in the usual non-linear way on B, namely [2] [3] [4] :
where 
given by:
where l µ = v µ − a µ and r µ = v µ + a µ are gauge sources. Another necessary building block of the effective chiral Lagrangian is the axial Maurer-Cartan one-form:
For later use, the following notation will be used: A ≡ TrA for flavor traces, and the
where A is in the fundamental representation, which implies that in an arbitrary isospin representation A = 2A a I a (since in the fundamental representation,
Since infinitesimal SU (4) transformations generated by I a correspond to the usual isospin transformations when acting on pions, the ones generated by X ia affect only the baryons (one can define these generators to not affect the pion field as shown in Appendix B). The effective Lagrangian can be systematically written as a power series in the low energy expansion or Chiral expansion, and simultaneously in 1/N c . It is most convenient to write the Lagrangian to be manifestly chiral invariant as is usually done. The low energy constants (LECs) will themselves admit an expansion in powers of 1/N c . For the HBChPT expansion the large mass of the expansion is taken to be the spin-flavor singlet component of the baryon masses, M 0 = N c m 0 (m 0 can be considered here to be a LEC defined in the chiral limit and which will have itself an expansion in 1/N c ). To O(1/N c ) baryon masses will read [24, 25] :
In the following we will define
which will be useful in the implementation of the expansion discussed later. The baryon mass splittings due to the hyperfine term, second term in Eq. (4), must be considered to be a small energy scale. It becomes necessary to establish of what order that term is in the low energy expansion, as it naturally appears in combinations with powers of M π when loop diagrams are calculated. This fact implies that the low energy and 1/N c expansions do not commute [29, 48] , and the natural way to proceed is therefore to link the two expansions.
For the purpose of organizing the effective Lagrangian it is convenient to establish the link between the two expansions. In the real world with N c = 3 the ∆−N mass splitting is about 300 MeV, and therefore it is reasonable to count that quantity as O(p) in the low energy expansion: the expansion where 1/N c = O(p) = O(ξ) will be adopted in what follows, and it will be called ξ-expansion. This power counting corresponds to the so called small scale expansion (SSE) [12] , now consistently implemented in the context of the 1/N c expansion.
Whenever appropriate, it will be indicated which aspects of the analysis are general and which are only valid in that expansion. Up to O(ξ) the baryon effective Lagrangian reads [26] :
whereg A is the axial coupling in the chiral and large N c limits (it has to be rescaled by a factor 5/6 to coincide with the usual axial coupling as defined for the nucleon), χ + is the source containing the quark masses: specifically χ + = 2M 2 π + · · · (see Appendix C ). Here one notes an important point which will be present in other instances as well: the baryon mass dependence on the current quark mass behaves at O(N c M 2 π ) (c 1 is of zeroth order in N c ), and this indicates that in a strict large N c limit the expansion in the quark masses of certain quantities such as the baryon masses cannot be defined due to divergent coefficients
The Lagrangian is manifestly invariant under chiral transformations, translations and rotations (the latter also involving obviously the action of the S i generators of SU (4)). Under an infinitesimal transformation generated by the spin-flavor generators X ia , the Lagrangian (6) is transformed according to:
B ].
According to this, and using the commutation relations in Appendix A, the kinetic term changes by terms O(1/N 2 c ), the term proportional tog A , which contains the πBB interaction and the leading order terms of the axial currents, changes by terms which are a factor O(1/N 2 c ) smaller than the original term, and the term proportional to c 1 , which gives the leading order (LO) σ-term in the baryon masses, is a spin-flavor singlet and thus invariant under spin-flavor transformations. Finally, the hyperfine term proportional to C HF is the one providing the dominant spin-flavor symmetry breaking effects, because it is modified by terms O(1/N c ), which is the same order as the hyperfine term itself (this is so because
The construction of higher order Lagrangians can be accomplished using the tools provided in Appendix C.
The operators appearing in the effective Lagrangian are normalized in such a way that all the LECs are of zeroth order in N c . Therefore, the 1/N c power of a Lagrangian term with n π pion fields is given by [49] :
where the spin-flavor operator is n-body (n is the number of factors of SU (4) generators appearing in the operator), and κ is basically the number of factors of the generators G ia remaining after reducing the operator using commutators. The last term, n π /2, stems from the factor (1/F π ) nπ carried by any term with n π pion fields. It is opportune to point out that commutators of spin-flavor operators will always reduce the n-bodyness of the product of operators: e.g., let G be any generator of SU (4), and consider the commutator 
Witten's counting rules [21] . In particular the consistency of pion-baryon scattering is a direct way of deriving the existence of the dynamical spin-flavor symmetry [24, 25] . In general, for any quantity there must be cancellations between the terms with the All this will be illustrated in the application to baryon masses and axial couplings discussed later. Although certain key cancellations must be exact in the large N c limit, the analysis of LQCD results will show that they are very significant in the physical world where N c = 3. For a connected diagram with n B external baryon legs, n π external pion legs, n i vertices of type i which has n B i baryon legs and n π i pion legs, and L loops, the following topological relations hold [50, 51] :
where I π is the number of pion propagators and I B the number of baryon propagators.
The chiral or low energy order of a diagram, where ν p i is the chiral power of the vertex of type i, is then given by [50] :
Note that n B i is equal to 0 or 2 in the single baryon sector.
On the other hand, the 1/N c power of a connected diagram is determined by looking only at the vertices: the order in 1/N c of a vertex of type i is given according to Eq. (8) by:
, where ν O i is the order of the spin-flavor operator. Thus, the 1/N c power of a diagram, upon use of the third Eq. (9), is given by:
where n π is the number of external pions, and Defining the linked power counting ξ by:
, the ξ order of a given Feynman diagram will be simply equal to ν p + ν 1/Nc as given by Eqs. (10) and (11), which upon use of the topological formulas Eq.(9) leads to:
The ξ-power counting of the UV divergencies is obvious from the earlier discussion. At and δm appear combined in non-analytic terms, and are therefore sensitive to the linking of the two expansions.
III. BARYON MASSES
In this section baryon masses are analyzed to order ξ 3 , or next-to-next to leading order (NNLO), in the limit of exact isospin symmetry. To that order the mass of the baryon of spin S reads:
where δm 
where n indicates the possible intermediate baryon spin-isospin states in the loop, P n are the corresponding spin-flavor projection operators, δm n = δm(S n ), and the loop integral is calculated in dimensional regularization with the result,
where Q = δm n − p 0 , λ = 1 − γ + log 4π, and µ is the renormalization scale which will be taken later to be of the order of m ρ . For the specific evaluation of δΣ 1−loop for a given baryon Appendix D provides all the necessary elements for the evaluation of the spin-flavor matrix elements in Eq. (14) as well as in the calculation of the one-loop corrections to the axial currents below. The explicit final expressions for the self energy are not given here because they are too lengthy, but with those elements the reader can easily obtain them.
The one-loop contribution to the wave function renormalization constant is given by:
The explicit evaluation of the ultraviolet divergent pieces of the self energy gives:
The UV divergent pieces start at O(ξ 2 ). Note that the UV divergencies in the mass (term independent of p 0 ) is produced by the contribution of the partner baryon and is proportional to the mass splitting. As is well known, they are absent in HBChPT without explicit 
where the residual energy p 0 has been identified with the operator (iD 0 − δm). All LECs are here of the form X(N c ) = Finally, the baryon masses are given by:
Note that the correction to the wave function renormalization factor enters in the expression for the mass corrections: this is because δΣ(p 0 = 0) starts with terms O(ξ 2 ) and δZ starts at O(ξ), therefore the O(ξ 3 ) terms of the mass correction involve these lower order terms of the wave function renormalization.
The one-loop corrections and corresponding counter-terms contribute to the masses at O(ξ 2 ) and O(ξ 3 ), while in a strict large N c limit the following ordering is found:
Obviously the term O( 
IV. AXIAL COUPLINGS
In this section the evaluation of the axial couplings including corrections O(ξ 2 ) is presented. At that order the one-loop corrections must be calculated.
The matrix elements of interest for the axial currents are B | A ia | B evaluated at vanishing external 3-momentum. The axial couplings are then defined by:
The axial couplings defined here are O(N 0 c ). The O(N c ) of the matrix elements of the axial currents is due to the operator G ia . The factor 5/6 mentioned earlier is included so that g
N N A
at N c = 3 exactly corresponds to the usual nucleon g A , which has the value 1.2701 ± 0.0025 [52] . This definition of the axial couplings is convenient in the context of the 1/N c expansion, The determination of the axial couplings to O(ξ 2 ) require the calculation of the 1-loop corrections to the axial current. Only the contributions with no pion pole are necessary, and they are given by the diagrams in Fig. 2 . The resulting 1-loop contribution to the axial currents reads:
where δA ia 1−loop (2 + 3) is given by a factor 1/2 times the no-baryon-pole contributions of diagrams (2+3). The different contributions read as follows, where one needs to take the limits p 0 , p 0 → 0:
Obviously, G ia and δZ 1−loop do not commute in general. The pion tadpole integral in the last term is given by:
Notice that the contribution by diagram (4) As shown in Ref. [27] , the offending terms cancel upon adding the diagrams. To test the cancellation it is sufficient to take the large N c limit at fixed M π . A straightforward evaluation leads to: The UV divergent contributions of the individual diagrams read:
One notices that only the terms proportional to M ). An explicit evaluation of these UV divergent terms using the results from Appendix D finally gives:
The terms in the Lagrangian needed to renormalize the axial currents are then the following:
These are all the terms which can contribute to the axial currents up to O(ξ), which will determine the axial couplings up to O(ξ 2 ), i.e., NNLO, which is what is needed for our purpose. There are several very important observations concerning the ξ-power counting. 
where, as expected, the latter differences are UV finite as in the ξ expansion.
The explicit expression for g
at O(ξ 2 ) is give here for completeness:
While in next section a discussion of the nucleon's g A in the context of LQCD results is given, one can readily make an estimate of the spin-flavor symmetry breaking terms in the axial couplings g
vs g ∆N A using the result for the ∆ width:
Using the experimental value Γ ∆→πN (Exp) = 116 − 120 MeV [52] , one obtains g ∆N A = 1.235 ± 0.011, which is remarkably close to g N N A = 1.2701 ± 0.0025 [52] .
V. ANALYSIS OF LATTICE QCD RESULTS FOR BARYON MASSES AND THE NUCLEON'S AXIAL COUPLING
As an application of the present framework of the ξ-expansion, this section presents an analysis of LQCD results for baryon masses and the nucleon's axial coupling. A . Finite-volume effects for mases and the nucleon axial coupling have been studied in effective theories [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] . A detailed study of these effects in the present formalism is beyond the scope of this work, and will be presented elsewhere [63] .
In the following, combined fits to LQCD results for N and ∆ masses and the nucleon g A as functions of M π are carried out. For the N and ∆ masses the results used are those from the PACS-CS collaboration of Ref. [35] and the LHP collaboration of Ref. [34] . For g N N A the results used are those from the LHP collaboration [42] and from the ETM collaboration [43] . A . The set of Lagrangian counterterms is the one displayed in Eqs. (19) and (28), which are summarized by the following equations: Table I , which shows the values for LECs obtained from the fits and the extrapolated values for m N , m ∆ and g A to the physical point. To estimate the theoretical errors, the original lattice results are bootstrapped by Montecarlo, and the errors correspond to a 68% confidence interval. In the fits, for the masses the range M π < 600 MeV is used while for the axial coupling of the nucleon the range M π < 700 MeV is used. It is expected that the radius of convergence of the low energy expansion is smaller for the baryon masses than for g A ; this is because in the latter case the discussed cancellations reduce the M π dependence, while the lack of such cancellations for the loop contribution to the masses is magnified by N c . The combined fits are displayed in Fig 3, which shows the LO to NNLO fits of LQCD results from the PACS-CS and LHP collaborations. The following remarks on the fits are in order:
1. All fitted LECs are of natural size when the renormalization scale is taken to be µ ∼ m ρ .
2. Parameters appearing at lower orders, namely m 0 ,g A and C HF , remain stable at higher orders, except c 1 that changes by more than the estimated 30% when increasing the order in ξ of the fit by one unit. from the CLS collaboration [65] can be made compatible with the physical value, but the error bars for M π < 400 MeV are quite large, and thus they cannot be considered to be significantly different than the ones of the LHP collaboration depicted in Fig. 3 . It seems therefore, that the LQCD calculations are still evolving and it is possible that soon the origin of the mentioned discrepancy will be elucidated.
The argument that the current LQCD results are correct and that the failure to extrapolate to the correct physical value is a problem of the effective theory seems unlikely on the following grounds. It is evident from A realistic value can only be obtained with the combined fit.
Predictions for g N ∆
A and g
∆∆
A cannot be made without the corresponding LQCD results. However, the results at the physical point from Eq. (31) suggest that these are going to be very similar in value to g N N A . Further efforts to study these couplings in LQCD will be very useful. 9. Evaluating the σ terms at the physical pion mass using the fits in Table I , the results shown in Table II are obtained.
It is evident from the important change in the results from NLO to NNLO that the σ terms cannot yet be very accurately determined from the current LQCD results.
One finds that the σ terms do not depend significantly on the choice of LQCD results for g N N A . σ terms were obtained in other analyses of LQCD results in the framework of SU (3) BChPT with ∆ included in Ref. [66] . The present results at NLO are compatible with theirs, but are substantially larger at NNLO. However, if the fit is required to pass through the physical baryon masses, for σ N the NNLO is similar to that in [66] , however, the result obtained here where σ N < σ ∆ , is opposite to the one in [66] . This indicates that the σ terms are sensitive to the particular formulation of the effective theory and also to the order of the expansion, an issue which remains to be clarified.
10. It must be emphasized that the results obtained here have many similarities with those obtained in works where the ∆ has been included explicitly [15, 18, 19, [66] [67] [68] [69] . The main advantage of the present approach of the ξ-expansion is its systematic character, which in particular will be more prominently shown when carrying out higher order calculations than the ones considered here. The ξ-expansion at NNLO clearly provides a satisfactory description of the LQCD results, and in particular it illuminates the mild dependence of the axial couplings on the quark masses as a result of important cancellations, which had been realized in various previous analysis by various groups. It is important to complete the study in SU (3), in particular because the one-loop contributions to the baryon masses become larger in magnitude, and a smaller range of convergence is expected [69] . These results will be presented elsewhere [70] . Recently, results for the axial currents with three flavors in a similar framework to the one developed here were presented in Ref. [71] .
at the physical point is expected to be a LQCD issue rather than a problem of convergence of the effective theory. The main reason for this expectation is that the ξ expansion is especially well behaved for g A . Among the possible sources of systematic errors in the extraction of g A from LQCD calculations might be the finite volume effects and/or the contamination in the three-point functions by excited baryon states.
In addition to the tests LQCD can provide on quark mass dependencies, it is also an ideal tool to test the N c behavior of QCD. Baryon LQCD is becoming accessible at varying values of N c [72] , which is a promising development.
On the other hand, spin-flavor transformations of interest are the contracted ones, namely those generated by
While the isospin transformations act on the pion fields in the usual way, and the spin transformations must be performed along with the corresponding spatial rotations. The transformations generated by X ia are defined to only act on the baryons.
Appendix C: Tools for building effective Lagrangians
The effective baryon Lagrangian can be expressed in the usual way as a series of terms which are SU L (2) × SU R (2) invariant (upon introduction of appropriate sources; see for instance [73] for details). In addition, implemented in the effective Lagrangian is the approximate SU (4) symmetry and its breaking as a power series in 1/N c [26] . The fields in the effective Lagrangian are the Goldstone Bosons parametrized by the unitary SU (2) matrix field u and the baryons given by the symmetric SU (4) multiplet B of I = S fields.
The building blocks for the effective theory consist of low energy operators, and spin-flavor operators.
The low energy operators are the usual ones, namely:
where D µ is the chiral covariant derivative, s and p are scalar and pseudo-scalar sources, χ ± = 2M 2 π + · · · , and µ and r µ are gauge sources. The spin-flavor operators are tensor operators consisting of products of the spin-flavor generators. These operators can be reduced by means of the commutation relations to forms which only contain anti-commutators. A set of identities shown in Table III permits one to arrive at sets of basis operators at each order in 1/N c for a given spin/isospin tensor type of operator. The 1/N c order ν O of an operator O, reduced as mentioned, is ν O = n − 1 − κ [49] , where n is the number of generators appearing as factors in the operator (one then says that the operator is an n-body operator), and κ is the number of generators G ia in the product.
The leading order equations of motion can be used in the construction of the higher order terms, namely, iD 0 B = ( 
where ζ(N c , S, S ) = (2 + N c ) 2 − (S − S ) 2 (S + S + 1) 2 [74] . The products of generators can be reduced by means of the use of the commutation relations, and further, for matrix elements in the symmetric representation, via the reduction rules [49] , which for convenience are displayed in Table III . 
Useful matrix elements:
It is always convenient to express matrix elements in terms of reduced matrix elements (RMEs) defined in the ordinary Wigner-Eckart fashion [75] . 
where O is an SU S (2) × SU I (2) irreducible tensor operator, and S || O Reduced matrix elements of the operators involving the projects P n are easily obtained using that P n = S n3 ,I n3 | S n , S n3 I n3 S n , S n3 I n3 |, and the SU (2) re-coupling results [75] .
For the masses the relevant such RME becomes:
For the axial currents the following RME is needed, namely:
Various reduced matrix elements which appear in the evaluation of the UV divergent pieces of the one-loop contributions to the self energy and to the axial currents are given below. They are obtained using the results given in the above Eqs. 
Finally, using that for any spin and isospin singlet operator (not necessarily an SU (4) singlet)
Q, S || QO J I || S =
2S +1
S || Q || S S || O J I || S , one can easily obtain the rest of the matrix elements involved in the calculation of the axial currents.
